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Frqvlghu d odujh srsxodwlrq ri lqglylgxdov wkdw duh uhshdwhgo| udqgrpo|
pdwfkhg wr sod| d f|folf 5 ￿ 5 jdph vxfk dv Pdwfklqj Shqqlhv zlwk ￿{hg
urohv dvvljqhg lq wkh jdph1 Vrph ohduq e| vdpsolqj suhylrxv sod| ri d
￿qlwh qxpehu ri rwkhu lqglylgxdov lq wkh vdph uroh1 Zh dqdo|}h srsxod0
wlrq g|qdplfv xqghu rswlpdo erxqghgo| udwlrqdo ehkdylru +lq wkh vhqvh ri
Vfkodj/ 4<<;f,1 Zh ￿qg wkdw orqj uxq sod| lv forvh wr wkh Qdvk htxloleulxp
+zkhq ihz lqglylgxdov uhfhlyh lqirupdwlrq, li dqg rqo| li wkh vdpsoh vl}h lv
juhdwhu wkdq rqh1
￿Ilqdqfldo vxssruw iurp wkh Ghxwvfkh Iruvfkxqjvjhphlqvfkdiw/ Vrqghuiruvfkxqjvehuhlfk
636 dw wkh Xqlyhuvlw| ri Erqq dqg wkh Dxvwuldq IZI/ surmhfw S43:4:0PDW lv judwhixoo|
dfnqrzohgjhg1
44 Lqwurgxfwlrq
Hyroxwlrqdu| Jdph Wkhru| kdv surylghg g|qdplf prghov ri uhsolfdwlrq/ lplwd0
wlrq dqg ohduqlqj iru dqdo|}lqj fkdqjh ri sod| lq jdphv1 Wkh lqwhusuhwdwlrq ri d
pl{hg vwudwhj| dv sro|prusklf srsxodwlrq vwdwh lq zklfk hdfk lqglylgxdo fkrrvhv
d sxuh vwudwhj| lv sduwlfxoduo| dsshdolqj1 Krzhyhu/ lq pxowl0srsxodwlrq prghov
zkhuh lqglylgxdov gr qrw lqwhudfw zlwk wkhlu nlq/ pl{hg srsxodwlrq vwdwhv duh
uduho| vwdeoh1 Wklv skhqrphqrq ￿uvw dsshduhg zkhq Vhowhq +4<;3, vkrzhg wkdw
HVV ri wuxo| dv|pphwulf frqwhvwv fdq qrw eh pl{hg1 Zlwk lqfuhdvlqj lqwhuhvw lq
ohduqlqj dqg lplwdwlrq/ prghov ri lqglylgxdo ehkdylru kdyh ehhq ghyhorshg wkdw
lqgxfh wkh uhsolfdwru g|qdplf nqrzq iurp srsxodwlrq elrorj| +Emøuqhuvwhgw dqg
Zhlexoo/ 4<<8> Eøujhuv dqg Vdulq/ 4<<:> Jdoh hw do1/ 4<<8> Srvfk/ 4<<:> Vfkodj/
4<<;f,1 Zlwk wklv frqqhfwlrq/ ihdwxuhv nqrzq iru wkh uhsolfdwru g|qdplf fdq eh
xvhg wr suhglfw ehkdylru dprqj lqwhudfwlqj dqg ohduqlqj lqglylgxdov1 Krzhyhu/
wkh ghulydwlrqv phqwlrqhg ohdg wr wkh vr0fdoohg vwdqgdug uhsolfdwru g|qdplf +Wd|0
oru/ 4<:<, zkhuh pl{hg vwudwhjlhv idlo wr eh dv|pswrwlfdoo| vwdeoh +Kriedxhu dqg
Vljpxqg/ 4<;;,1 Wkh dowhuqdwlyh dgmxvwhg yhuvlrq gxh wr Pd|qdug Vplwk +4<;5,
iru zklfk dv|pswrwlfdoo| vwdeoh vwdwhv fdq eh lqwhulru +vxfk dv lq Pdwfklqj Shq0
qlhv, lv prwlydwhg iurp uhsolfdwruv1 Wkh rqo| lqglylgxdo ohduqlqj prgho nqrzq
wkdw jhqhudwhv wklv g|qdplf +Emøuqhuvwhgw dqg Zhlexoo/ 4<<9, uhtxluhv lqglylgxdo
nqrzohgjh ri srsxodwlrq dyhudjhv14 Wkh lqvwdelolw| ri lqwhulru htxloleuld xqghu wkh
vwdqgdug uhsolfdwru g|qdplf kdv eldvhg suhglfwlrqv ri ohduqlqj prghov wrzdugv
sxuh vwudwhjlhv dqg vhw0ydoxhg vroxwlrq frqfhswv +Ulw}ehujhu dqg Zhlexoo/ 4<<8/
Sursrvlwlrq 8> Rhfkvvohu dqg Vfkodj/ 4<<:/ Sursrvlwlrq 55,1 Xs wr qrz/ rqo|
prghov ri ohduqlqj wkdw khdylo| xwlol}h lqirupdwlrq +h1j1/ ehvw uhvsrqvh g|qdplfv/
Kriedxhu/ 4<<8> lplwdwlrq edvhg rq fxuuhqw srsxodwlrq dyhudjhv/ Emøuqhuvwhgw
dqg Zhlexoo/ 4<<9, ru phpru| +￿fwlwlrxv sod|/ Eurzq/ 4<84, kdyh ehhq deoh wr
vwdelol}h lqwhulru htxloleuld +h1j1 lq Pdwfklqj Shqqlhv,1 Ri frxuvh/ vwdelolw| ri
lqwhulru htxloleuld ru hyhq frqyhujhqfh ri ohduqlqj surfhvvhv vkrxog qrw jhqhudoo|
eh h{shfwhg lq doo jdphv +Vkdsoh|/ 4<97> Jdxqhuvgruihu dqg Kriedxhu/ 4<<8,1
Krzhyhu/ zkhq sod| f|fohv lq vlpsoh jdphv vxfk dv Pdwfklqj Shqqlhv/ wkhq dq
lqglylgxdo kdv dq lqfhqwlyh wr lqyhvw lq pruh lqirupdwlrq ru pruh phpru|1 Khqfh/
4Vshfl￿fdoo|/ wkh lqglylgxdo lplwdwlrq uxoh lv d ixqfwlrq ri wkh dyhudjh sd|r￿ ri hdfk vwudwhj|
suhvhqw dprqj wkh +lq￿qlwo| pdq|, lqglylgxdov ehorqjlqj wr wkh vdph sod|hu uroh1
5Vhh dovr wkh frqfoxvlrq ri rxu sdshu1
5frqyhujhqfh wr +ru dssur{lpdwlqj ehkdylru ri, wkh Qdvk htxloleulxp lq Pdwfklqj
Shqqlhv uhpdlqv d whvw iru wkh vrsklvwlfdwlrq ri lqglylgxdo ehkdylrudo uxohv1
Vfkodj +4<<;f, kdv dqdo|}hg rswlpdo erxqghgo| udwlrqdo ohduqlqj zkhq dq
lqglylgxdo revhuyhv suhylrxv sod| ri rqh rwkhu lqglylgxdo lq wkh vdph sod|hu uroh
+vlqjoh vdpsolqj,1 Khuh rswlpdo ehkdylru lv lplwdwlyh dqg ohdgv wr wkh vwdqgdug
uhsolfdwru g|qdplf1 Uhfhqwo|/ Vfkodj +4<<;e, h{whqghg wklv dssurdfk wr vdpsohv
ri vl}h wzr +grxeoh vdpsolqj, zkhuh rswlpdo lqglylgxdo ehkdylru lv djdlq lplwdwlyh/
qrz ohdglqj wr dq djjuhjdwh prqrwrqh g|qdplf +Vdpxhovrq dqg ]kdqj/ 4<<5,1
Pruh vshfl￿f surshuwlhv ri wkh uhvxowlqj g|qdplf kdyh qrw ehhq frqvlghuhg dv ri
|hw1 Lq wklv sdshu/ zh h{whqg wkh rswlpdo ehkdylrudo uxoh irxqg xqghu grxeoh
vdpsolqj wr jhqhudo vdpsoh vl}hv dqg wkhq dqdo|}h srsxodwlrq g|qdplfv lq f|folf
2 ￿ 2 jdphv +l1h1/ jhqhudol}hg Pdwfklqj Shqqlhv,1 Lq sduwlfxodu/ zh dqdo|}h wkh
glvfuhwh g|qdplf gluhfwo| lqvwhdg ri pdnlqj wkh frpprq vkruwfxw ri uhyhuwlqj wr
d frqwlqxrxv wlph dssur{lpdwlrq1 Rxu uhvxowv vxppdul}hg lq vhfwlrq 6 vkrz d
glvfrqwlqxrxv mxps lq uhvxowv ehwzhhq vlqjoh vdpsolqj dqg vdpsoh vl}hv juhdwhu
wkdq rqh1 Zh ￿qg orqj uxq vwdwhv vlwxdwhg forvh wr wkh lqwhulru pl{hg Qdvk
htxloleulxp li dqg rqo| li wkh vdpsoh vl}h lv odujhu wkdq rqh1 Rq wkh vlgh zh
rewdlq wkdw srsxodwlrq g|qdplfv duh dssur{lpdwhg e| wkh dgmxvwhg uhsolfdwru
g|qdplf ri Pd|qdug Vplwk +4<;5, zkhq wkh vdpsoh vl}h lv odujh1
Wkxv zh ￿qg wkdw pl{hg vwudwhjlhv fdq eh vwdelol}hg diwhu doo lq ohduqlqj
prghov edvhg rq olplwhg lqirupdwlrq surylghg sod| ri dw ohdvw wzr lqglylgxdov lq
wkh vdph uroh lv revhuydeoh dqg lqglylgxdo ehkdylru lv lplwdwlyh dqg vx!flhqwo|
vrsklvwlfdwhg1
5 Vrsklvwlfdwhg lplwdwlrq
Frqvlghu d wzr shuvrq qrupdo irup +ru elpdwul{, jdph K lq zklfk sod|hu & fkrrvhv
d sxuh vwudwhj| iurp 7& dqg sod| E￿c￿￿ 5 7￿ ￿ 72 |lhogv lqghshqghqw vwrfkdvwlf
sd|r￿v iru sod|hu & frqwdlqhg lq d erxqghg lqwhuydo
￿
k&c/&￿
￿Ohw Z& E￿c￿￿ ghqrwh
wkh h{shfwhg sd|r￿ wr sod|hu & zkhq sod|hu rqh fkrrvhv sxuh vwudwhj| ￿ dqg sod|hu
wzr sxuh vwudwhj| ￿￿ Ohw {
￿
7&￿
ghqrwh wkh vhw ri pl{hg vwudwhjlhv ri sod|hu &
dqg ohw Z& ETc^￿’
S
￿c￿ Z& E￿c￿￿R￿^￿ ghqrwh wkh h{shfwhg sd|r￿ ri sod|hu & zkhq
sod|hu ￿ fkrrvhv wkh pl{hg vwudwhj| T 5 {E7￿￿ dqg sod|hu 2 wkh pl{hg vwudwhj|
^ 5 {E72￿￿
6Lq wkh iroorzlqj zh ghvfuleh d prgho ri erxqghgo| udwlrqdo lqglylgxdov ohduqlqj
krz wr sod| wklv jdph1 Wkh prgho dqg uhvxowv lq wklv vhfwlrq iru vdpsoh vl}hv rqh
dqg wzr duh wdnhq iurp +Vfkodj / 4<<;e/ 4<<;f,1 Dvvxph wkdw lqglylgxdov kdyh
￿{hg urohv lq wkh jdph K1 Wkh| ehorqj wr wzr frxqwdeo| lq￿qlwh srsxodwlrqv/ rqh
fruuhvsrqglqj wr hdfk sod|hu lq wkh jdph1 Lq d vhtxhqfh ri urxqgv/ lqglylgxdov
iurp hdfk srsxodwlrq duh udqgrpo| pdwfkhg wr sod| wkh jdph1
Ehwzhhq urxqgv/ d ￿{hg sursruwlrq ￿& ri lqglylgxdov ehorqjlqj wr srsxodwlrq
& duh jlyhq wkh rssruwxqlw| wr uhfhlyh vrph lqirupdwlrq derxw wkh sod| ri rwkhuv1
Dq lqglylgxdo uhfhlyhv lqirupdwlrq e| vdpsolqj ? lqglylgxdov dw udqgrp iurp wkh
vdph srsxodwlrq dqg revhuyhv wkh odvw vwudwhj| xvhg dqg sd|r￿ dwwdlqhg lq wkh
suhylrxv urxqg e| hdfk lqglylgxdo lq wklv vdpsoh +? 5 Q/ f ￿￿ &￿￿ c&’￿ c2 ,1
Wkh fdvh ? ’￿lv fdoohg vlqjoh vdpsolqj/ ? ’ 2 grxeoh vdpsolqj1 Diwhu hdfk
urxqg/ hdfk lqglylgxdo xvhv d ehkdylrudo uxoh +wkdw lv d ixqfwlrq ri klv nqrzohgjh
dqg suhylrxv h{shulhqfh dqg lqirupdwlrq, wr ghwhuplqh zklfk vwudwhj| wr sod| lq
wkh qh{w urxqg1 D vwdwh ETc^￿ 5 {E7￿￿￿{E72￿ ghvfulehv wkh sursruwlrqv ri
sxuh vwudwhjlhv xvhg lq hdfk srsxodwlrq1 Wkxv/ wkh dyhudjh sd|r￿ lq srsxodwlrq
& lv htxdo wr Z& ETc^￿ lq vwdwh ETc^￿￿ Lqglylgxdo ehkdylru lqgxfhv d srsxodwlrq



















iru dssursuldwho| fkrvhq frqwlqxrxv pdsv s￿c} ￿ G{ E 7 ￿ ￿￿{E72￿ $ u fE7￿￿￿
u fE72￿+￿57￿c￿57 2,/ zlwk ufE7&￿’i E 1 ￿￿ ￿ M 7 & G1 ￿5-c
S
￿M7& 1￿ ’f j 1
Vfkodj +4<<;f, ghyhorsv d wkhru| ri rswlpdo ehkdylru iru lqglylgxdov wkdw duh
erxqghgo| udwlrqdo lq wkh iroorzlqj vhqvh1 Lqlwldoo| dq lqglylgxdo rqo| nqrzv wkh
rzq vwudwhj| vhw wrjhwkhu zlwk wkh erxqghg lqwhuydo frqwdlqlqj klv sd|r￿v1 Diwhu
hdfk urxqg dq lqglylgxdo irujhwv doo rffxuuhqfhv ehiruh wklv urxqg1 Lq urxqg
f wkhuh lv dq duelwudu| lqlwldo vwdwh ETfc^f￿ lq wkh lqwhulru ri {E7￿￿ ￿ {E72￿￿
Lw lv dvvxphg wkdw lqglylgxdov ehorqjlqj wr wkh vdph srsxodwlrq xvh wkh vdph
ehkdylrudo uxoh1 Wklv jhqhudwhv d srsxodwlrq g|qdplf ET|c^|￿|’fc￿c2c￿￿ ￿ Wkhq d
ehkdylrudo uxoh iru lqglylgxdov lq srsxodwlrq & lv fdoohg vwulfwo| lpsurylqj li wkh
dyhudjh sd|r￿ lq wklv srsxodwlrq lqfuhdvhv ryhu wlph zkhqhyhu sod| lq wkh rwkhu
srsxodwlrq grhv qrw fkdqjh/ wklv lqfuhdvh ehlqj vwulfw zkhqhyhu qrw doo vwudwhjlhv




wklv phdqv wkdw wkh sursruwlrq ri lqglylgxdov lq srsxodwlrq & sod|lqj d ehvw
7uhvsrqvh wr wkh srsxodwlrq vwdwh ri wkh odvw urxqg dozd|v lqfuhdvhv1 Prwlydwhg e|
wkh dvvxpswlrq wkdw wkh lqglylgxdo kdv qr lqirupdwlrq derxw wkh vshfl￿f sd|r￿




pxvw krog lq dq| vxfk jdph1 Irupdoo|/ wkh frqglwlrqv iru d uxoh wr eh xvhg lq
srsxodwlrq rqh wr eh vwulfwo| lpsurylqj duh wkdw/ lq dq| jdph K zlwk vwudwhj|

































iru vrph ￿ zlwk R
|
￿ : f￿ +4,
Lq wkh iroorzlqj zh xvh d vlpsoh dojrulwkp wr frqvwuxfw d vwulfwo| lpsurylqj
ehkdylrudo uxoh iru jhqhudo vdpsoh vl}hv ?￿ Frqvlghu ￿uvw vlqjoh vdpsolqj1 Gxh wr
wkh olplwdwlrqv rq lqglylgxdo phpru|/ wkh ehkdylrudo uxoh ri dq lqglylgxdo zkr

















zkhuh 8 E￿c%c￿c+￿o lv wkh suredelolw| ri sod|lqj vwudwhj| o lq wkh qh{w urxqg diwhu
sod|lqj vwudwhj| ￿ dqg uhfhlylqj sd|r￿ % dqg revhuylqj dq lqglylgxdo zkr xvhg
vwudwhj| ￿ dqg dwwdlqhg sd|r￿ +￿ Zh zloo dvvxph wkdw lqglylgxdov wkdw gr qrw
uhfhlyh dgglwlrqdo lqirupdwlrq wkurxjk d vdpsoh gr qrw fkdqjh wkhlu vwudwhj|16






E￿￿ E￿c%c￿c+￿￿ ’￿ ￿ 8
E￿￿ E￿c%c￿c+￿￿ c￿ 9’ ￿￿
Qrwlfh wkdw SRU lv dq lplwdwlrq uxoh vlqfh lw hlwkhu suhvfulehv wr vzlwfk wr d
vwudwhj| vdpsohg ru qrw wr vzlwfk dw doo1 SRU vshfl￿hv wr lplwdwh wkh revhuyhg
lqglylgxdo zlwk d suredelolw| wkdw lv sursruwlrqdo wr wkh sd|r￿ ri wkh vdpsohg
lqglylgxdo dqg lqghshqghqw ri rzq sd|r￿1 Zkhq erwk srsxodwlrqv xvh wkh uh0
vshfwlyh SRU wkh srsxodwlrq vwdwh fkdqjhv dffruglqj wr +d glvfuhwh yhuvlrq ri,










































6Lq idfw/ lw fdq eh vkrzq wkdw vwulfwo| lpsurylqj uxohv pxvw kdyh wklv surshuw|1
8Zkhq frqfhuqhg zlwk odujhu vdpsohv zh zloo olplw dwwhqwlrq wr ehkdylrudo
uxohv wkdw fdq eh frqvwuxfwhg iurp d vlqjoh vdpsolqj uxoh 8 xvlqj wkh iroorzlqj
vlpsoh surfhgxuh1 Dsso| wkh uxoh 8 lq vhtxhqfh wr hdfk lqglylgxdo lq wkh vdpsoh/
uhsodflqj rzq vwudwhj| dqg sd|r￿ e| revhuyhg vwudwhj| dqg sd|r￿ zkhqhyhu wkh
uxoh 8 suhvfulehv wr vzlwfk vwudwhjlhv1 Wkh vwudwhj| ohiw zlwk diwhu dsso|lqj wklv
surfhgxuh wr hdfk lqglylgxdo lq wkh vdpsoh lv wkh vwudwhj| wr eh sod|hg lq wkh
qh{w urxqg1 Wklv jhqhudwhv d ehkdylrudo uxoh iru vdpsoh vl}h ? zh zloo uhihu wr
dv vhtxhqwldoo| hydoxdwlqj wkh vlqjoh vdpsolqj uxoh 8￿ Lq wkh iroorzlqj zh zloo
ghprqvwudwh wklv surfhgxuh dqg wkh uhvxowlqj g|qdplf htxdwlrqv lq pruh ghwdlo
iru SRU1 Vhtxhqwldoo| hydoxdwlqj SRU zkhq ? ’ 2 ohdgv wr d grxeoh vdpsolqj












E2￿ E￿c%c￿c+coc5￿￿ ’￿ ￿ 8
E2￿ E￿c%c￿c+coc5￿￿ ￿ 8
E2￿ E￿c%c￿c+coc5￿o ￿





















































Wkh wulfn vlpsoli|lqj wkh fdofxodwlrqv lv wr frqvlghu vzlwfklqj ehkdylru hyhq
zkhq dq lqglylgxdo revhuyhv vrphrqh xvlqj wkh vdph vwudwhj|1 Wkhq wkh dggl0
wlrqdo whup
/￿ ￿ Z￿ ET|c^|￿








Z￿ E￿c^|￿ ￿ k￿
/￿ ￿ k￿
￿
dv frpsduhg wr wkh vlqjoh vdpsolqj fdvh +5, lv wkh suredelolw| wkdw dq lqglylgxdo
grhv qrw vzlwfk diwhu hydoxdwlqj SRU wr wkh ￿uvw lqglylgxdo lq wkh vdpsoh1
7I +5, +l>{>m>|>u>},y lv wkh suredelolw| ri sod|lqj vwudwhj| y lq wkh qh{w urxqg diwhu sod|lqj
vwudwhj| l dqg uhfhlylqj sd|r￿ { dqg vhtxhqwldoo| hydoxdwlqj SRU ￿uvw wr dq lqglylgxdo zkr
xvhg vwudwhj| m dqg dwwdlqhg sd|r￿ | dqg wkhq wr rqh zkr xvhg vwudwhj| u dqg dwwdlqhg sd|r￿
} lq wkh odvw urxqg1
9Iru jhqhudo ?/ li hdfk lqglylgxdo xvhv wkh uxoh ghulyhg e| vhtxhqwldoo| hydoxdw0







































/2 ￿ Z2 ET|c^|￿












































￿M7￿ dZ￿ E￿c^|￿ ￿ Z￿ ET|c^|￿o
2 ￿ R|
￿ ￿ f 1
zklfk ohdgv wr wkh iroorzlqj uhvxow +vhh dovr Vfkodj/ 4<<;e/ 4<<;f iru ? ’￿ c2 ,1
Sursrvlwlrq 4 VSRU? jhqhudwhv d vwulfwo| lpsurylqj uxoh iru dq| vdpsoh vl}h
?￿
Lq wkh olplw ? $4 c+7, frqyhujhv wr +d glvfuhwl}dwlrq ri, wkh yhuvlrq ri wkh









































514 Rswlpdolw| ri VSRUq
VSRU? gh￿qhv dq lplwdwlrq uxoh wkdw lv vwulfwo| lpsurylqj1 Lq idfw/ dq| vwulfwo|
lpsurylqj uxoh lv lplwdwlqj19 Pruhryhu/ VSRU? kdv xqltxh rswlpdolw| surshuwlhv
dprqj wkh vwulfwo| lpsurylqj uxohv dv zh zloo vhh ehorz1 Frqvlghu wzr ehkdylrudo
8Zh qrwh wkdw dq| ri wkh pdsv +sw>tw, :￿$
￿
sw.4>tw.4￿







lqwr lwvhoi1 Wkxv/ wkhvh h{suhvvlrqv jhqhudwh zkdw zh nqrz iurp wkhlu







9Wkh surri iru q @4 >5frqwdlqhg lq +Vfkodj/ 4<<;e, h{whqgv lpphgldwho| wr jhqhudo vdpsoh
vl}hv q1
:uxohv 8 dqg C iru sod|hu rqh1 Zh vd| wkdw 8 grplqdwhv C li wkh whupv lq +4, duh











iru dq| sd|r￿ glvwulexwlrqv lq K dqg dq| vwdwh ET|c^|￿ lq urxqg |/ dqg qrw ￿￿￿/
zkhuh T|n￿EM￿ ghvfulehv wkh sursruwlrqv xvhg lq urxqg | n ￿ lq srsxodwlrq rqh
zkhq doo lqglylgxdov lq srsxodwlrq rqh xvh uxoh M1 Qrwlfh wkdw d uxoh 8 grplqdwhv
wkh uxoh ￿qhyhu vzlwfk vwudwhjlhv￿ li dqg rqo| li 8 lv vwulfwo| lpsurylqj1 Wkh qrwlrq
ri grplqdwlrq lv d yhu| vwulqjhqw frqglwlrq dqg khqfh rqo| gh￿qhv d sduwldo rughu
rq wkh vhw ri ehkdylrudo uxohv1 Lq wkh iroorzlqj zh zloo srlqw rxw vrph uxohv wkdw
duh ehvw dffruglqj wr grplqdqfh lq d jlyhq vhw ri uxohv1 Zh zloo vd| wkdw 8 lv
xqgrplqdwhg lq wkh vhw ri uxohv G li 8 5 G dqg li wkhuh lv qr uxoh C 5Gwkdw
grplqdwhv 8￿
Wkh surshuwlhv ri VSRU? iru vlqjoh +Vfkodj/ 4<<;f, dqg grxeoh +4<<;e, vdp0
solqj/ vwdwhg lq whupv ri grplqdqfh/ duh dv iroorzv1
+Vlqjoh vdpsolqj, VSRU￿ ￿SRU lv xqgrplqdwhg dprqj wkh vwulfwo| lpsury0
lqj vlqjoh vdpsolqj ehkdylrudo uxohv1 Dq| rwkhu vlqjoh vdpsolqj uxoh zlwk wklv
surshuw|: lqgxfhv wkh vdph srsxodwlrq dgmxvwphqw +5, dv SRU1
+Grxeoh vdpsolqj, VSRU2 lv wkh xqltxh uxoh wkdw lv xqgrplqdwhg dprqj wkh
vhtxhqwldoo| hydoxdwhg vlqjoh vdpsolqj uxohv1 VSRU2 grplqdwhv SRU1 Lq idfw/
lq 2 ￿ 2 jdphv/ VSRU2 lv xqgrplqdwhg dprqj wkh grxeoh vdpsolqj uxohv wkdw
grplqdwh SRU1 Dq| rwkhu grxeoh vdpsolqj uxoh zlwk wklv surshuw| ohdgv wr wkh
vdph srsxodwlrq dgmxvwphqw +6, dv VSRU21
Vrph qrwhv duh lq sodfh1 Wkh erxqghg udwlrqdolw| dvvxpswlrqv xqghuo|lqj
wklv prgho pdnh lw qdwxudo wr uhvwulfw dwwhqwlrq wr vlpsoh uxohv ri ehkdylru vxfk
dv wkurxjk vhtxhqwldo hydoxdwlrq ri d vlqjoh vdpsolqj uxoh1 Wzr txhvwlrqv dulvh1
Zk| xvh SRU lq wklv frqvwuxfwlrqB Wkh idfw wkdw SRU suhvfulehv wr irujhw
rzq suhylrxv sd|r￿ lv frxqwhulqwxlwlyh1 Krzhyhu/ uhirupxodwlqj wkh xqltxhqhvv
vwdwhphqw iru grxeoh vdpsolqj pdgh deryh/ dq| rwkhu vlqjoh vdpsolqj uxoh hlwkhu
grhv qrw jhqhudwh d vwulfwo| lpsurylqj grxeoh vdpsolqj uxoh xqghu vhtxhqwldo
hydoxdwlrq ru lv grplqdwhg e| VSRU21
Fdq dowhuqdwlyh/ srvvleo| pruh frpsolfdwhg/ phwkrgv iru frqvwuxfwlqj d grx0
eoh vdpsolqj uxoh rxwshuirup VSRU2B Vwulfwo| lpsurylqj grxeoh vdpsolqj uxohv
:vxfk dv wkh Sursruwlrqdo Lplwdwlrq Uxoh dqg wkh Sursruwlrqdo Uhylhzlqj Uxoh +Vfkodj/
4<<;f,1
;wkdw duh qrw grplqdwhg e| VSRU2 h{lvw +Vfkodj/ 4<<;e,1 Krzhyhu/ vxfk uxohv gr
qrw grplqdwh SRU +ru dq| rwkhu vlqjoh vdpsolqj uxoh wkdw lv xqgrplqdwhg dprqj
wkh vwulfwo| lpsurylqj vlqjoh vdpsolqj uxohv,1 Uhvwulfwlqj dwwhqwlrq wr uxohv wkdw
grplqdwh SRU uh hfwv wkh frqglwlrq wkdw rswlpdo ehkdylru xqghu pxowlsoh vdp0
solqj vkrxog rxwshuirup rswlpdo ehkdylru xqghu vlqjoh vdpsolqj1 Lq wklv fodvv/
VSRU2 shuirupv ehvw1
Dv iru ehkdylrudo uxohv edvhg rq vdpsoh vl}hv ? : 2 jhqhudo uhvxowv rq rswl0
pdolw| kdyh qrw ehhq ghulyhg1 Ri frxuvh/ lq zdqw ri rqh surfhgxuh wkdw zrunv
zhoo iru doo vdpsoh vl}hv/ lw lv qdwxudo wr hpsor| VSRU?￿ Qrwlfh wkdw/ iroorzlqj
+4,/ VSRU? shuirupv ehwwhu wkh odujhu wkh vdpsoh vl}h1 Irupdoo|/
Sursrvlwlrq 5 VSRU? grplqdwhv VSRU6 iru doo ? :6￿￿ ￿
6 F|folf jdphv dqg vxppdu| ri pdlq uhvxowv
Zh fdoo wkh elpdwul{ jdph K zlwk m7￿m ’ m72m ’ 2 d f|folf 2 ￿ 2 jdph li lw kdv
d xqltxh Qdvk htxloleulxp . zkhuh . lv lq wkh lqwhulru ri {E7￿￿ ￿ {E72￿￿ H{0
dpsohv lqfoxgh wkh ex|hu0vhoohu jdph e| Iulhgpdq +4<<4/ vhh dovr Vfkodj/ 4<<;d,/
Gdznlqv* edwwoh ri wkh vh{hv jdph +vhh Pd|qdug Vplwk/ 4<;5/ ru Kriedxhu dqg




















￿ F|folf jdphv duh d vlpsoh whvwlqj jurxqg
iru zkhwkhu erxqghg udwlrqdo ohduqlqj uxohv vxfk dv VSRU? wkdw zh ghulyhg iurp
orfdo fulwhuld fdq ohdg odujh srsxodwlrqv +forvh, wr d frpsohwho| pl{hg Qdvk htxl0
oleulxp1
Lq wkh iroorzlqj zh zloo vxppdul}h rxu uhvxowv +ghvfulehg lq ghwdlo lq Vhfwlrq
8, rq wkh g|qdplfv lqgxfhg e| VSRU? lq f|folf 2 ￿ 2 jdphv1 Irxqgdwlrqv iru
wkhvh uhvxowv duh ghulyhg iru jhqhudo djjuhjdwh prqrwrqh g|qdplfv lq Vhfwlrq 71
Xqghu vlqjoh vdpsolqj/ wudmhfwrulhv vsludo rxw wr wkh erxqgdu| zklfk phdqv wkdw
lqglylgxdov lq wkh vdph srsxodwlrq duh sod|lqj wkh vdph sxuh +qrq0htxloleulxp,
vwudwhj| prvw ri wkh wlph1 Zkloh wkh Qdvk htxloleulxp . uhpdlqv xqvwdeoh iru
odujhu vdpsoh vl}hv/ uhvxowv qrz dovr ghshqg rq wkh sursruwlrq ￿& ri lqglylgxdov
<lq hdfk srsxodwlrq uhfhlylqj lqirupdwlrq1 Iru d jlyhq vdpsoh vl}h ?/l iw r rp d q |
lqglylgxdov uhfhlyh lqirupdwlrq wkhq wkh erxqgdu| uhpdlqv dwwudfwlqj1 Krzhyhu/
li ￿& ￿ ￿*e wkhq wkh erxqgdu| lv uhshoolqj lq doo f|folf 2 ￿ 2 jdphv1 Pruhryhu/
zkhq ￿& lv vx!flhqwo| vpdoo wkhq wkh orqj uxq vwdwhv irup d olplw f|foh zklfk lv
forvh wr .￿ Vlpxodwlrqv duh dgghg lq Vhfwlrq 8 wr h{hpsoli| wkh vshfl￿f uhodwlrqv1
7 Djjuhjdwh prqrwrqh g|qdplfv +glvfuhwh wlph,
iru f|folf 2 ￿ 2 jdphv





































wkh sd|r￿ ixqfwlrq iru sod|hu & ’ ￿c2/ ￿
& G - $ -n wkh +frqwlqxrxv/ srvlwlyh0
ydoxhg, pxowlsolhu ixqfwlrqv dqg f ￿￿ &￿￿wkh vwhs vl}hv1 Dv ￿￿ ’ ￿2 $ f/ +:,
wxuqv lqwr wkh gl￿huhqwldo htxdwlrq










Vxfk jdph g|qdplfv kdyh ehhq fdoohg djjuhjdwh prqrwrqh +Vdpxhovrq dqg ]kdqj
+4<<5,/ Zhlexoo +4<<8,,1 Wkh ￿uvw vxfk g|qdplfv/ ehvlghv wkh vwdqgdug uhsolfdwru
g|qdplfv ri Wd|oru +4<:<,/ iru zklfk wkh idfwruv ￿
& duh lghqwlfdo 4/ zdv vxjjhvwhg






wkh ￿& ehlqj srvlwlyh frqvwdqwv +vwdqglqj iru edfnjurxqg ￿wqhvv,1 Krzhyhu/ qr
frqylqflqj ghulydwlrq kdv ehhq jlyhq iru wklv fkrlfh1 Dv vhhq lq vhfwlrq 5/ wklv
fkrlfh dulvhv qrz iurp wkh lplwdwlrq uxoh VSRU? lq wkh olplw ? $ 41
43714 Ehkdylru qhdu wkh erxqgdu|
Dw 8￿￿ wkh hljhqydoxh lq gluhfwlrq & iru sod|hu 4 +@ jhrphwulf udwh ri lq+gh0,fuhdvh










￿E￿c￿￿￿ ’G b￿￿<&￿ +43,






m8￿￿ ’ ￿n￿ 2E Z
2E ￿c,￿ ￿ Z
2E￿c￿￿￿￿
2EZ
2E￿c￿￿￿ ’G b￿￿<￿, +44,
Frqvlghu qrz d f|folf 2 ￿ 2 elpdwul{ jdph dv gh￿qhg lq Vhfwlrq 61 Dvvxph
wkdw wkh ehvw uhso| f|foh uxqv forfnzlvh dv
8￿￿ $ 8￿2 $ 822 $ 82￿ $ 8￿￿￿ +45,
Wkhq wkh erxqgdu| ri wkh xqlw vtxduh lv lqyduldqw xqghu wkh g|qdplfv +:, dqg
irupv d khwhurfolqlf f|foh/ l1h1/ d forvhg orrs ri vwdeoh2xqvwdeoh pdqlirogv ri vdggoh
srlqwv1 Wkh vwdelolw| ri wklv khwhurfolqlf f|foh lv ghwhuplqhg e| wkh txdqwlw|
4 ’ 4￿￿<￿24￿2<22422<2￿42￿<￿￿ +46,





Qrwh wkdw 4 lv wkh surgxfw ri orjv ri crxwjrlqj* hljhqydoxhv glylghg e| wkh surgxfw
ri orjv ri clqfrplqj* hljhqydoxhv durxqg wkh f|foh +45,1 Wkh iroorzlqj lv d glvfuhwh
wlph yhuvlrq ri d uhodwhg uhvxow iru gl￿huhqwldo htxdwlrqv/ vhh h1j1 Kriedxhu dqg
Vljpxqg +4<;;/ s1 546i,1
Ohppd 6 Li 4 : ￿ +uhvs1 4￿￿ , wkhq wkh erxqgdu| ri wkh vtxduh lv uhshoolqj
+uhvs1 dwwudfwlqj, iru wkh g|qdplfv +:,1
Dsso|lqj wklv vwdelolw| fulwhulrq wr +:, |lhogv
Sursrvlwlrq 7 Ohw ￿
&E%￿G ’￿ *￿
&E%￿/ dqg vxssrvh wkdw
_￿&E%￿
_% :￿ & krogv lq
wkh sd|r￿ udqjh ri sod|hu & iru & ’ ￿c21W k h q 4:￿dqg wkh erxqgdu| ri wkh
vtxduh lv uhshoolqj= Wkhuh h{lvwv B:fvxfk wkdw iru hdfk frpsohwho| pl{hg lqlwldo
frqglwlrq ETc^￿ 5 Efc￿￿2/ wkhuh h{lvwv |f vxfk wkdw R￿E|￿ :Bdqg ^￿E|￿ :Biru
￿ ’￿ c2dqg | ￿ |f1
44Wklv phdqv wkdw hdfk sxuh vwudwhj| zloo eh xvhg zlwk d fhuwdlq srvlwlyh sure0
delolw| B:fdiwhu wlph |f1
Surri1 Zh vkrz wkdw 4￿2<22 : ￿/ wkh rwkhu wkuhh idfwruv lq +46, ehlqj dqdor0




m*L}E￿ n ￿￿EZ￿E￿c2￿ ￿ Z￿E2c2￿￿￿
￿EZ￿E2c2￿￿￿m
+48,
Ghqrwh @ G’ Z￿E2c2￿￿Z￿E￿c2￿ : f dqg K G’ Z￿E￿c2￿￿ Wkhq wkh lqhtxdolw| 4￿2<22 :








￿EK￿￿ : ￿*L}E￿ ￿ ￿￿@￿
￿EK n @￿￿ +4:,
E￿n￿ ￿@￿
￿EK￿￿E￿ ￿ ￿￿@￿
￿EK n @￿￿ : ￿ +4;,
￿
￿EK￿ ￿￿
￿EK n @￿ :￿ ￿ @￿
￿EK￿￿
￿EK n @￿ +4<,
￿
￿EK n @￿ ￿￿
￿EK￿ :￿ ￿ @ +53,
E| wkh phdq ydoxh wkhruhp/ wklv odvw lqhtxdolw| krogv zkhqhyhu E￿
￿￿￿E%￿ :￿ ￿iru
doo % lq wkh sd|r￿ udqjh1 ￿
D vlplodu fdofxodwlrq vkrzv=
Sursrvlwlrq 8 Li
_￿&E%￿
_% ￿￿ & krogv lq wkh sd|r￿ udqjh ri sod|hu & iru & ’ ￿c2
wkhq 4￿￿dqg wkh erxqgdu| ri wkh vtxduh lv orfdoo| dv|pswrwlfdoo| vwdeoh1
715 Ehkdylru qhdu wkh lqwhulru htxloleulxp
Olqhdul}lqj +:, dw dq lqwhulru htxloleulxp . ohdgv wr d pdwul{ ri wkh irup U n
￿a zlwk U wkh lghqwlw| pdwul{/ ￿ ’ gldjE￿￿c￿2￿/ dqg a wkh olqhdul}dwlrq ri wkh
fruuhvsrqglqj gl￿huhqwldo htxdwlrq +;, dw .1 Ehfdxvh ri wkh elsduwlwh vwuxfwxuh








dqg khqfh lwv hljhqydoxhv rffxu lq sdluv ￿b1 Lq sduwlfxodu/ iru wkh htxloleulxp
. ’ E￿ Rc￿ ^￿ ri d f|folf 2 ￿ 2 jdph/ +;, fdq eh zulwwhq lq wkh irup
￿ R ’E ^￿￿ ^ ￿ S ￿E R c^￿￿ ^ ’E ￿ R￿R ￿ S 2E Rc^￿ +55,
45zlwk S￿ : f/ dqg wkh hljhqydoxhv ri lwv olqhdul}dwlrq wxuq rxw wr eh ￿￿
s
S￿S2/
lq djuhhphqw zlwk wkh rvfloodwru| ehkdylru ri wkh vroxwlrqv qhdu .1 Khqfh wkh
hljhqydoxhv ri wkh glvfuhwh prgho +:, qhdu . duh jlyhq e| ￿ ￿ ￿
s￿￿￿2S￿S21 Vlqfh
wkhlu devroxwh ydoxh lv odujhu wkdq ￿/ . lv d vsludo uhshoohu iru +:, iru hyhu| fkrlfh
ri wkh pxowlsolhu ixqfwlrqv ￿
& dqg vwhs vl}hv ￿& : f1
Li wkh pxowlsolhuv ￿
& duh ghfuhdvlqj ixqfwlrqv/ dv lq doo lplwdwlrq prghov lq
vhfwlrq 5/ pruh fdq eh vdlg1 Lw zdv vkrzq lq Kriedxhu dqg Vljpxqg +4<;;/ s1 5;5,/
wkdw iru Pd|qdug Vplwk*v fkrlfh +<,/ wkh  rz jhqhudwhg e| +;, ghfuhdvhv d fhuwdlq
yroxph irup1 Wkh vdph surri dfwxdoo| dssolhv wr vwulfwo| ghfuhdvlqj ; pxowlsolhu
ixqfwlrqv ￿
￿1 Iru f|folf 2 ￿ 2 jdphv wklv uhvxow vkrzv wkh joredo dv|pswrwlf
vwdelolw| ri wkh pl{hg htxloleulxp . iru +55,1 Xvlqj d shuwxuedwlrq dujxphqw
iurp qxphulfdo g|qdplfv/ qdpho| wkh xsshu0vhplfrqwlqxlw| ri dq dv|pswrwlfdoo|
vwdeoh vhw/ vhh h1j1 Vwxduw +4<<7,/ wkh joredo dwwudfwru ri wkh glvfuhwh wlph prgho
+:,/ zlwk vwulfwo| ghfuhdvlqj ￿
&/ frqyhujhv< wr ./d v￿$f 1 Lq rwkhu zrugv/ iru
vpdoo ￿&/ wkh dwwudfwru lv forvh wr wkh htxloleulxp .1 Dfwxdoo| lw iroorzv iurp
wkh lqyhvwljdwlrq lq Kriedxhu dqg Lrrvv +4<;7, wkdw iru vpdoo ￿/ wklv dwwudfwru ri
+:, frqvlvwv ri d vwdeoh colplw f|foh*/ l1h1/ d forvhg lqyduldqw fxuyh vxuurxqglqj wkh
htxloleulxp +prvw olnho| zlwk dq luudwlrqdo urwdwlrq0olnh g|qdplfv rq lw,1
8 Dssolfdwlrq wr wkh VSRU? lplwdwlrq g|qdplfv
Qrz zh dsso| wkh deryh uhvxowv wr wkh lplwdwlrq prghov lqwurgxfhg lq vhfwlrq 51 Lq
wkh fdvh ? ’ ￿/ l1h1/ iru +5,/ wkh pxowlsolhuv duh vlpso| frqvwdqwv ￿
& ’ E/&￿k&￿3￿1
Khqfh ￿
￿ ’ f dqg sursrvlwlrq +8, lpsolhv wkdw wkh erxqgdu| lv dwwudfwlqj1 Lq idfw
lw lv joredoo| dwwudfwlqj=
Wkhruhp 9 Iru f|folf 2 ￿2 jdph doo ruelwv +h{fhsw wkh htxloleulxp, ri wkh glv0
fuhwh yhuvlrq ri wkh uhsolfdwru g|qdplfv +5, frqyhujh wr wkh erxqgdu| +iru hyhu|
￿& 5 Efc￿o,1
;Frpsduh dovr wkh surri ri sursrvlwlrq 8 lq Ulw}ehujhu dqg Zhlexoo +4<<8/ s1 46<9, iru dq
rssrvlwh uhvxow iru lqfuhdvlqj pxowlsolhu ixqfwlrqv1
<Rqh kdv wr wdnh fduh dovr wkdw qr lqyduldqw vhw elixufdwhv iurp wkh erxqgdu|1 Wklv fdq eh
vkrzq lq d vlplodu zd| dv Ohppd 4/ xvlqj dyhudjh Oldsxqry ixqfwlrqv1 Rqh fdq frqvwuxfw d
xqlirup }rqh ri uhsxovlrq qhdu wkh erxqgdu| iru vpdoo ￿1 Krzhyhu/ wkh ghwdlov ri wklv surri duh
eh|rqg wkh vfrsh ri wklv sdshu1
46Surri1 Wkh vwdqgdug frqwlqxrxv wlph uhsolfdwru g|qdplfv kdv d frqvwdqw ri








2 +zlwk q￿ : f,/ vhh Kriedxhu
dqg Vljpxqg +4<;;,1 Vlqfh wklv ixqfwlrq lv frqfdyh/ dqg wkh pds +5, srlqwv lqwr
wkh vdph gluhfwlrq dv wkh yhfwru ￿hog +;,/43 lw ghfuhdvhv prqrwrqlfdoo| dorqj ruelwv
ri +5, dqg whqgv wr 31 Wklv vkrzv wkdw wkh erxqgdu| lv d joredo dwwudfwru iru +5,1
￿
Lq wkh fdvh ? ’ 2/ l1h1/ iru +6,/ wkh pxowlsolhuv ￿
& duh jlyhq e| ￿
&E%￿’
￿
/ & 3 k &
￿
￿ n
/ & 3 %
/ & 3 k &
￿
￿ Khqfh ￿E%￿’
E / &3 k &￿ 2
2 / &3 k &3 % dqg ￿
￿E%￿’
E / &3 k &￿ 2
E 2 / &3 k &3 % ￿ 21 Vlqfh ￿ lv
frqyh{/ ￿
￿ dwwdlqv lwv plqlpxp dqg pd{lpxp ydoxh dw wkh hqgv ri lwv grpdlq/




Pruh jhqhudoo|/ iru ￿qlwh ? ￿ 2/ d orqjhu fdofxodwlrq vkrzv ?3￿
2? ￿ ￿
￿E%￿ ￿ ￿144
Lq wkh olplwlqj fdvh ? $ 4/ iru wkh pds +8, zh kdyh ￿E%￿’E %￿k &￿ 3 ￿/khqfh
￿
￿E%￿’￿ 1 Wkhq sursrvlwlrq +7, vkrzv wkdw wkh erxqgdu| lv uhshoolqj iru hyhu|
￿& ￿ ￿1
Vxppdul}lqj/ zh rewdlq wkh iroorzlqj uhvxowv iru wkh g|qdplfv +7, uhvxowlqj
xqghu wkh xvh ri VSRU? iru jlyhq ?=45
Wkhruhp : 41 Wkh Qdvk htxloleulxp lv xqvwdeoh iru hyhu| f|folf 2 ￿ 2 jdph1
51 Iru ￿￿ ’ ￿2 ’ ￿ wkh erxqgdu| lv dwwudfwlqj iru hyhu| f|folf 2￿2 jdph dqg
iru hyhu| ?1 Wkh vdph krogv iru ? ’￿dqg f ￿￿ &￿￿ 1
61 Iru ￿& ￿ ?3￿
2? wkh erxqgdu| lv uhshoolqj iru hyhu| f|folf 2 ￿ 2 jdph1
71 Iru dq| jlyhq f|folf 2￿2 jdph/ dqg dq| ?/ wkhuh lv d ydoxh ￿E?￿ 5 d
?3￿
2? c￿￿
zlwk ￿E?￿ $ ￿ dv ? $ 4 vxfk wkdw iru f ￿￿ &￿￿ E ? ￿ / wkh erxqgdu| lv uhshoolqj/
zkloh iru ￿E?￿ ￿￿ &￿￿ / wkh erxqgdu| lv dwwudfwlqj1
81 Iru f ￿￿ &￿￿ E ? ￿ / wkh joredo dwwudfwru lv d forvhg/ dqqxoxv￿vkdshg vhw/
glvmrlqw iurp . dqg wkh erxqgdu|1 Li ￿& ’ ￿S& +zlwk S& srvlwlyh frqvwdqwv, wkhq
iru vpdoo ￿:f / wklv dwwudfwru lv d vprrwk forvhg lqyduldqw fxuyh forvh wr .1
43Iru wklv zh kdyh wr lqfrusrudwh wkh idfwruv
￿n
$n￿￿n lqwr wkh sd|r￿ ixqfwlrqv ￿n1
44Qrwlfh wkdw wkh orzhu erxqg frqyhujhv wr 4@5 dv q $4 =Li wkh ydoxh ￿n fdq eh dwwdlqhg e|
wkh sd|r￿ ixqfwlrq ￿n/ wkhq wkh deryh hvwlpdwh iru #
3+{, lv ehvw srvvleoh1 Krzhyhu li wkhuh lv
dq %A3vxfk wkdw ￿n ￿ ￿n .% wkhq wkh orzhu erxqg frqyhujhv lqvwhdg wr 4/ dv q $4 1 Iru d
w|slfdo ehkdylru vhh +56,1 Wkh uhdvrq iru wklv ghfuhsdqf| lv wkh qrq0xqliruplw| ri frqyhujhqfh
ri wkh pxowlsolhu ixqfwlrqv qhdu ￿n @ ￿n lq wkh olplw q $4 1
4 5Xqghu frqwlqxrxv g|qdplfv +;, rewdlqhg wkurxjk wdnlqj wkh olplw ￿4 @ ￿5 $ 3> wudmhfwrulhv
f|foh lq forvhg ruelwv durxqg H zkhq q @ 4 zkhuhdv H lv joredoo| dwwudfwlqj iru q ￿ 5> dv zh
kdyh vhhq lq vhfwlrq 7151
47Vwdwhphqw 7 iroorzv iurp wkh prqrwrqh ghshqghqfh ri +46/ 47/ 48, rq wkh
vwhsvl}h ￿ dqg wkh idfw wkdw ￿
￿E%￿ $ ￿ dv ? $ 4 xqlirupo| rq hdfk frpsdfw
vxelqwhuydo ri wkh rshq lqwhuydo Ekc/￿￿Vwdwhphqw 8 iroorzv iurp wkh glvfxvvlrq
dw wkh hqg ri vhfwlrq 7151
Iroorzlqj Wkhruhp :/ zkhq ￿& ￿￿ E ? ￿wkhq doo orqj uxq rxwfrphv zloo eh
erxqghg dzd| erwk iurp . dqg iurp wkh erxqgdu|1 Jhqhudo uhvxowv iru wkh or0
fdwlrq dqg wkh irup ri wklv dwwudfwlqj vhw duh qrw nqrzq1 Rqo| iru vx!flhqwo|
vpdoo ￿ wkhuh duh uljrurxv uhvxowv= Lq wklv fdvh lw lv d vprrwk fxuyh vxuurxqglqj
./ dqg wkh glvwdqfh ri wklv colplw f|foh* iurp wkh htxloleulxp ehkdyhv olnh d frq0
vwdqw +ghshqglqj rq ?, wlphv
s
￿/ vr lw lqfuhdvhv idvwhu wkdq olqhdu +vhh Kriedxhu
dqg Lrrvv +4<;7, iru ghwdlov,1 Qxphulfdo vlpxodwlrqv vxjjhvw wkdw wkh dwwudfwru
uhpdlqv d vprrwk fxuyh iru odujhu ydoxhv ri ￿ xqwlo lw phujhv wkh erxqgdu| khwh0
urfolqlf f|foh1 Qr cidw* dqqxol kdyh ehhq revhuyhg lq wkhvh vlpxodwlrqv1 Iljxuh 5
vkrzv wkh ehkdylru ri wkh glvwdqfh ri wkhvh fxuyhv iurp wkh htxloleulxp1
Iru d Pdwfklqj Shqqlhv jdph +9, zlwk sd|r￿v >￿Dlq wkh lqwhuydo Ekc/￿/
wkh fulwlfdo ydoxhv ￿ E?￿ iroorz iurp wkh fdofxodwlrq lq +49,=
￿ E?￿’

















Iljxuh 4 vkrzv d sorw ri wkhvh ydoxhv ￿E?￿ djdlqvw ? ’￿ c￿￿￿c￿f iru E>cD￿’
E￿c2￿dqg sd|r￿ udqjh dkc/o’d f c￿o1 Wkh ￿jxuh lqglfdwhv wkdw iru ? ￿ 2 wkh udqjh
ri ydoxhv ￿ ehorz wkh fxuyh +iru zklfk wkhuh h{lvwv d olplw f|foh, lv vxevwdqwldo
dqg txlfno| jurzv wrzdugv 41
Iljxuh 5= Iru Pdwfklqj Shqqlhv zlwk E>cD￿’E ￿ c2￿ dqg sd|r￿ udqjh dkc/o’
dfc￿o zh sorw wkh glvwdqfh ri wkh dwwudfwlqj olplw f|foh iurp wkh Qdvk htxloleulxp
djdlqvw wkh vwhsvl}h ￿1 Lq wkh ohiw gldjudp zh xvh ? ’2 / iru zklfk wkh erxqgdu|
lv uhdfkhg iru ￿ ￿ ￿e 46 zkloh wkh uljkw gldjudp vkrzv wkh judsk iru wkh olplw fdvh
? ’ 4/ iru zklfk wkh erxqgdu| lv uhdfkhg rqo| dw ￿ ’ ￿￿
46Wklv ydoxh lv wdnhq iurp qxphulfdo vlpxodwlrqv/ zkloh wkh suhflvh ydoxh iroorzv iurp +56,
dv <
53 @ 3=781 Wklv glvfuhsdqf| uh hfwv wkh h{wuhpho| txlfn dssurdfk wr wkh erxqgdu|= wkh
glvwdqfh ri wkh olplw f|foh wr wkh erxqgdu| vhhpv wr eh d  dw ixqfwlrq +doo ghulydwlyhv 3, dw wkh
fulwlfdo ydoxh ri ￿1












Iljxuh 4= Wkh fulwlfdo ydoxh ￿ E?￿ dv d ixqfwlrq ri vdpsoh vl}h ? iru Pdwfklqj

















Iljxuh 5= Glvwdqfh iurp . d vdi x q f w l r qr i￿ lq Pdwfklqj Shqqlhv zlwk
E>cD￿’E ￿ c2￿dqg dkc/o’d f c￿o> ohiw= ? ’2 / uljkw= ? ’ 41
9 Frqfoxvlrq
Wkhuh lv d edvlf gl￿huhqfh lq wkh orqj uxq g|qdplfv ri SRU @ VSRU￿ rq wkh
rqh kdqg dqg VSRU? iru ? ￿ 2 rq wkh rwkhu kdqg lq f|folf 2 ￿ 2 jdphv1 Wkh
g|qdplfv uhvxowlqj iurp vlqjoh vdpsolqj glyhujhv wr wkh erxqgdu|/ ohdglqj wr
d vwudqjh dshulrglf rvfloodwru| ehkdylru/ zlwk jhrphwulfdoo| lqfuhdvlqj vrmrxuq
wlphv qhdu wkh sxuh vwdwhv/ vlplodu wr wkh ehkdylru ri ￿fwlwlrxv sod| lq Vkdsoh|*v
h{dpsoh1 Lq sudfwlfdo whupv wklv zrxog phdq wkdw doprvw vxuho| rqh ri wkhvh sxuh
+qrq0htxloleulxp, vwdwhv lv uhdfkhg dqg wkh srsxodwlrq lv vwxfn wkhuh ehfdxvh lw
lv dq devruelqj vwdwh iru lplwdwruv1 Lw zrxog qhhg vrph ehvw uhso| sod|huv wr jhw
dzd| djdlq1
49Lq frqwudvw/ li wzr ru pruh lqglylgxdov duh vdpsohg/ dqg wkh ￿& duh qrw wrr
odujh/ wkhq wkh srsxodwlrq g|qdplfv uxqv lqwr d olplw f|foh uhshdwlqj ehkdylru
lq d shulrglf ru txdvl0shulrglf idvklrq1 Pruhryhu/ wklv olplw f|foh vkulqnv wr wkh
Qdvk htxloleulxp zkhq wkh sursruwlrq ￿& ri lqglylgxdov uhfhlylqj lqirupdwlrq
ehwzhhq urxqgv ri sod|lqj wkh jdph jrhv wr }hur1
Lq wklv vhqvh Qdvk htxloleulxp +iru Pdwfklqj Shqqlhv olnh jdphv, fdq vwloo eh
mxvwl￿hg e| hyroxwlrqdu| dujxphqwv edvhg rq wkh VSRU? prgho iru ? ￿ 2/ zkloh
lw fdqqrw iru ? ’￿ 1
VSRU? lv d vrsklvwlfdwhg lplwdwlrq uxoh1 Khuh/ vrsklvwlfdwlrq lv lq wkh vhqvh
wkdw wkh suredelolwlhv ri vzlwfklqj ri SRU duh fkrvhq lq d sduwlfxodu zd| wr hqvxuh
wkh vwulfwo| lpsurylqj frqglwlrq1 Vwulfwo| lpsurylqj uhtxluhv ￿qlfh￿ ehkdylru lq d
odujh ydulhw| ri hqylurqphqwv dqg rqh pljkw zrqghu zklfk dowhuqdwlyh ehkdylru
vhohfwhg vshfl￿fdoo| iru d jlyhq f|folf jdph pljkw vwdelol}h wkh Qdvk htxloleulxp
wrr1 Lq wkh iroorzlqj zh dujxh wkdw erwk vdpsoh vl}hv odujhu wkdq rqh dqg sured0
elolvwlf vwudwhj| vhohfwlrq uhpdlq qhfhvvdu| lqjuhglhqwv1 Lqghhg/ glyhujhqfh xqghu
vlqjoh vdpsolqj lv pruh jhqhudo wkdq dsshduv dw ￿uvw vljkw1 Vfkodj +4<<;d, vkrzv
wkdw wudmhfwrulhv frqyhujh wr wkh erxqgdu| xqghu vlqjoh vdpsolqj +dv lq Wkhruhp
9, zkhqhyhu wkh frqglwlrqv rq vwulfwo| lpsurylqj vwdwhg lq +4, krog lq wkh jlyhq
f|folf 2 ￿ 2 jdph1 Wkh srsxodu/ vlpsoh/ dqg vhhplqjo| pruh lqwxlwlyh/ lplwdwlrq
uxohv Lplwdwh Wkh Ehvw +D{hourg/ 4<;7, dqg Lplwdwh Ehvw Dyhudjh +Hoolvrq dqg
Ixghqehuj/ 4<<6, jhqhudoo| shuirup zruvh wkdq VSRU? lq f|folf 2￿2 jdphv1 Iru
wkhvh ghwhuplqlvwlf ehkdylrudo uxohv lw lv hdvlo| vkrzq wkdw wkh Qdvk htxloleulxp
hyhq idlov wr eh d uhvw srlqw iru doprvw doo f|folf 2 ￿ 2 jdphv1 Wklv lv gxh wr
wkh lqvhqvlwlylw| ri wkhvh uxohv wr vpdoo sd|r￿ fkdqjhv1 Wklv uhvxow dqg lqwxlwlrq
dovr dssolhv zkhq lqglylgxdov sod| d ehvw uhvsrqvh wr d ￿qlwh vdpsoh ri suhylrxv
vwudwhjlhv dprqj wkhlu srwhqwldo rssrqhqwv +vhh dovr Vfkodj/ 4<<;e/ 4<<;d,1
Vrph vrsklvwlfdwlrq rq sduw ri wkh sod|huv lv uhtxluhg wr ohdg wkhp dzd| iurp
xquhdvrqdeoh ehkdylru dqg eulqj wkhp forvhu wr Qdvk htxloleulxp1 Lw pd| eh
zruwk srlqwlqj rxw dqrwkhu fdvh/ zkhuh vrsklvwlfdwlrq kdv d vwdelol}lqj h￿hfw=
Lq elrorj|/ +5, dqg uhodwhg +glvfuhwh wlph, prghov duh edvhg rq wkh qrw dozd|v
uhdolvwlf dvvxpswlrq ri kdsorlg/ dvh{xdo lqglylgxdov zklfk uhsurgxfh e| forqlqj1
Wdnlqj dffrxqw ri wkh jhqhwlf vwuxfwxuh/ qdpho| glsorlglw|/ djdlq ohdgv wr d vwdeoh
olplw f|foh lq wkh jdphv 47 frqvlghuhg khuh/ vhh Pd|qdug Vplwk dqg Kriedxhu
47F|folf 5￿5 jdphv dulvh lq elrorj| dv wkh cedwwoh ri wkh vh{hv* jdph lqwurgxfhg e| Gdznlqv
4:+4<;:,/ ru Kriedxhu dqg Vljpxqg +4<;;/ s1 645 ￿,1
Ilqdoo|/ qrwlfh wkdw wkh vwdelol}lqj ehkdylru ri grxeoh +ru pruh, vdpsolqj
lq f|folf 2 ￿ 2 jdphv dovr kdv dq lpsruwdqw lpsdfw rq wkh iroorzlqj ￿odujhu￿
jdph1 Rhfkvvohu dqg Vfkodj +4<<:, ￿qg iru d vlpsoh h{whqvlyh0irup jdph wkdw
wkh edfnzdugv lqgxfwlrq rxwfrph fhdvhv wr eh vwdeoh xqghu +vlqjoh vdpsolqj,
vrsklvwlfdwhg lplwdwlrq rqfh revhuydwlrqv duh lpshuihfw1 Rxu dqdo|vlv fdq eh
xvhg wr vkrz wkdw vwdelolw| lv uhfryhuhg xqghu grxeoh +ru pruh, vdpsolqj1
: Uhihuhqfhv
D{hourg/ U1 P1 +4<;7,= Wkh Hyroxwlrq ri Frrshudwlrq1 Edvlf Errnv/ Qhz \run1
M1 Emøuqhuvwhgw/ dqg M1 Zhlexoo +4<<9,= Qdvk htxloleulxp dqg hyroxwlrq e|
lplwdwlrq1 Lq= Wkh Udwlrqdo Irxqgdwlrqv ri Hfrqrplf Ehkdylrxu +N1 Duurz dqg
H1 Frorpedwwr/ hgv1,1 Pdfploodq1
Eøujhuv/ W1 dqg U1 Vdulq +4<<:,= Ohduqlqj wkruxjk uhlqirufhphqw dqg uhsol0
fdwru g|qdplfv1 M1 Hfrq1 Wkhru| ::/ 40471
Eurzq J1 Z1 +4<84,= Lwhudwlyh vroxwlrq ri jdphv e| ￿fwlwlrxv sod|1 Lq= Dfwlylw|
Dqdo|vlv ri Surgxfwlrq dqg Doorfdwlrq +W1F1 Nrrspdqv/ hg,/ ss1 6:7￿6:91 Zloh|/
Qhz \run1
Hoolvrq/ J1 dqg G1 Ixghqehuj +4<<8,= Zrug0ri0prxwk frppxqlfdwlrq dqg
vrfldo ohduqlqj/ Txduw1 M1 Hfrq1 773/ <604581
Iulhgpdq/ G1 +4<<4,= Hyroxwlrqdu| jdphv lq hfrqrplfv1 Hfrqrphwulfd 8</
96:0991
Jdoh/ M1/ N1 J1 Elqpruh/ dqg O1 Vdpxhovrq +4<<8,= Ohduqlqj wr eh lpshuihfw=
wkh Xowlpdwxp Jdph1 Jdphv Hfrq1 Ehk1 ;/ 890<31
Jdxqhuvgruihu/ D1 dqg M1 Kriedxhu +4<<8,= Ilfwlwlrxv sod|/ Vkdsoh| sro|jrqv/
dqg wkh uhsolfdwru htxdwlrq1 Jdphv dqg Hfrqrplf Ehkdylrxu 44/ 5:<￿6361
Kriedxhu/ M1 +4<<8,= Vwdelolw| iru wkh ehvw uhvsrqvh g|qdplfv1 Plphr/ Xql0
yhuvlw| ri Ylhqqd1
Kriedxhu/ M1 dqg J1 Lrrvv +4<;7,= D Krsi elixufdwlrq wkhruhp iru gl￿huhqfh
htxdwlrqv dssur{lpdwlqj d gl￿huhqwldo htxdwlrq1 Prqdwvk1 Pdwk1 <;/ <<04461
Kriedxhu/ M1 dqg N1 Vljpxqg +4<;;,= Wkh Wkhru| ri Hyroxwlrq dqg G|qdplfdo
V|vwhpv1 Fdpeulgjh Xqlyhuvlw| Suhvv1
dv d prgho ri wkh sduhqwdo lqyhvwphqw frq lfw/ vhh Pd|qdug Vplwk +4<;5,1
4;Pd|qdug Vplwk/ M1 +4<;5,= Hyroxwlrq dqg wkh Wkhru| ri Jdphv1 Fdpeulgjh
Xqlyhuvlw| Suhvv1
Pd|qdug Vplwk/ M1 dqg M1 Kriedxhu +4<;:,= Wkh ￿edwwoh ri wkh vh{hv￿= d
jhqhwlf prgho zlwk olplw f|foh ehkdylru1 Wkhru1 Srs1 Elro1 65/ 4￿471
Rhfkvvohu/ M1 dqg N1 K1 Vfkodj +4<<:,= Orvv ri frpplwphqwB Dq hyroxwlrqdu|
dqdo|vlv ri Edjzhoo*v h{dpsoh1 Plphr/ Xqlyhuvlw| ri Erqq1
Srvfk P1 +4<<:,= F|folqj lq d vwrfkdvwlf ohduqlqj dojrulwkp iru qrupdo irup
jdphv1 M1 Hyroxwlrqdu| Hfrqrplfv :/ 4<6￿53:1
Ulw}ehujhu/ N1 dqg M1 Z1 Zhlexoo +4<<8,= Hyroxwlrqdu| vhohfwlrq lq qrupdo0
irup jdphv1 Hfrqrphwulfd 96/ 46:4￿46<<1
Vdpxhovrq/ O1 dqg M1 ]kdqj +4<<5,= Hyroxwlrqdu| vwdelolw| lq dv|pphwulf
jdphv1 M1 Hfrqrplf Wkhru| 8:/ 696￿6<41
Vfkodj N1 K1 +4<<;d,= Vrfldo urohv dv dq h￿hfwlyh ohduqlqj phfkdqlvp1 Plphr/
Xqlyhuvlw| ri Erqq1
Vfkodj N1 K1 +4<<;e,= Zklfk rqh vkrxog L lplwdwhB M1 Pdwkhpdwlfdo Hfr0
qrplfv +iruwkfrplqj,1
Vfkodj N1 K1 +4<<;f,= Zk| lplwdwh/ dqg li vr/ krzB D erxqghg udwlrqdo
dssurdfk wr pxowl0duphg edqglwv1 M1 Hfrqrplf Wkhru| +iruwkfrplqj,1
Vhowhq U1 +4<;3,= D qrwh rq hyroxwlrqdulo| vwdeoh vwudwhjlhv lq dv|pphwulf
dqlpdo frq lfwv1 M1 Wkhru1 Elro1 ;7/ <604341
Vkdsoh| O1 +4<97,= Vrph wrslfv lq wzr￿shuvrq jdphv1 Dqq1 Pdwk1 Vwxglhv 8/
4￿5;1
Vwxduw D1 +4<<7,= Qxphulfdo dqdo|vlv ri g|qdplfdo v|vwhpv1 Dfwd Qxphulfd
7/ 79:￿8:51
Wd|oru/ S1 G1 +4<:<,= Hyroxwlrqdulo| vwdeoh vwudwhjlhv zlwk wzr w|shv ri sod|huv1
M1 Dsso1 Sure1 49/ :9￿;61
Zhlexoo/ M1 +4<<8,= Hyroxwlrqdu| Jdph Wkhru|1 Fdpeulgjh/ PD= PLW Suhvv1
4<